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Abstract 

Within the background-field framework we present a path integral derivation of the splitting Ward 
identity for the one-particle irreducible effective action in the presence of an infrared regulator, and make 
connection with earlier works on the subject. The approach is general in the sense that it does not rely 
on how the splitting is performed. This identity is then used to address the problem of background 
dependence of the effective action at an arbitrary energy scale. We next introduce the modified master 
equation and emphasize its role in constraining the effective action. Finally, application to general gauge 
theories within the geometric approach is discussed. 


1 Introduction 


The notion of exact renormalization group originated from the pioneering work of Wilson . Since then, it 
has re-emerged in various formulations [2||^. Among them is the approach taken in where, contrary to 
2][3 which study the scale dependence of the Wilsonian effective action, one deals with the scale dependence 


of the generator of one-particle irreducible diagrams, hereafter referred to simply as the effective action. 

The dependence on the energy scale k is introduced by adding to the ultraviolet action an effective mass 

term for the dynamical fields, with a scale dependent mass Rk{q^), usually referred to as the cutoff kernel, 

which decreases monotonically with momentum q. This resembles Wilson’s notion of incomplete integration, 

where the path integral over heavier modes is less suppressed. It turns out that the scale dependence of this 

effective action Tj, is ruled by an equation which is exact, in the sense that it does not rely on the existence 

of any small expansion parameter. This equation relates the scale derivative of the effective action to its 

( 2 ) 

second derivative with respect to the classical dynamical fields T^ 

dtVk = ^Tr[{rj^%Rk)-^dtRk] 


( 1 . 1 ) 


where t = log/c. Despite being exact, finding solutions to this equation without resorting to any approx¬ 
imation seems out of reach. In practice one truncates the effective action to reduce the parameter space 
to a lower dimensional subspace, where the equations can be solved. This reduced parameter space can be 
finite or still infinite dimensional. For reviews on exact renormalization, and especially the approach of [4j[^, 
see [6 - 12 . 





Finding a consistent truncation requires additional care when using the background-field method 13 


14 . The background-field method is used widely in Yang-Mills theory and field theory of gravity for the 


computational facility and conceptual insight it provides. Its use is also necessary for the construction of a 


covariant effective action 15 17 , for both gauge and non-gauge theories. When using the background-field 
method, apart from the usual Lorentz symmetry and possible internal symmetries of the theory, there will 
be extra relations among the couplings of different operators in the effective action which originate from the 
fact that the background and quantum fields enter the ultraviolet action in a specific combination, namely 
the total field. These constraint relations are governed by some sort of Ward identities, which we generally 
refer to as splitting Ward identities. 

Considering nontrivial instances studied in the literature, such an identity was first used for the standard 


(infrared) effective action with nonlinear quantum-background split 18 , to prove renormalizability of general 
nonlinear sigma models in two dimensions. Within the renormalization group approach of [41^, it has 


appeared in 19 ■ 23 and emphasized more recently in [24[|25|, for linear splitting of the field. For geometrical 


effective actions, which require a nonlinear split, it was first pointed out in 10 26 , in the context of gauge 


theories. Attempts to apply the equation in the case of nonlinear field splitting, were made in 27 for 
quantum gravity, in the geometric approach. 

In this work we give a general path integral derivation of the splitting Ward identities leading to the above 
mentioned constraint relations, in the presence of an infrared regulator, and show how these constraints are 
consistent with the functional flow equation of the effective action. Particular attention is paid to the choice 
of measure. Employing these identities, the problem of background dependence is then addressed for the 
most general case of quantum-background split, which, even in its special case of linear split, generalizes 


some recent results in the literature 24 We then introduce the modified master equation and explain 
how, with its aid, these identities can be applied in practice to put constraints on the form of the effective 
action. As a check, the modified master equation is explicitly shown to be satisfied at the one-loop level, 
irrespective of the scheme of regularization. All this is done without reference to a specific way of splitting 
the total field. Next, after reviewing the advantages of the exponential splitting and the notion of covariant 
effective action, we discuss general covariance of the results of earlier sections. Finally we explain how these 
results can be applied to gauge theories within the geometric approach. In this paper we set the framework 
and leave the application to a future publication. 


2 Modified splitting Ward identity 

2.1 Setup and derivation of the identity 

The starting point of our discussion is the quantization of a bare theory with action for which the 

background-field method is to be employed. Here, in general (p is meant to denote a set of fields with i 
regarded as a generalized index, including the label of fields, possible Lorentz indices, and also the space¬ 
time/momentum argument. The fields are then chosen to be split into a background tp* and a fluctuation 
field so that is now a function of and and such that (/)®(</5, 0) = i^®. With foresight, the 

notation is chosen to match that commonly used for the exponential splitting, discussed in more detail in 
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section!^ and appendixwhich is going to be our main application, but at this point we do not specify how 
the splitting is done. For simplicity of notation, throughout the paper, we use a dot to denote contraction 
of the generalized indices. The following formalism applies to non-gauge theories and gauge theories prior 
to gauge fixing. We defer a discussion of the gauge fixing procedure to section 

The generator of connected n-point functions J] is a functional of the background and a source 

field Ji given by the path integral 

ejq>{-Wk[(p,J]) = joc/) exp{-S[(l)]-Sk[(pA]-J’O ■ (2-1) 

A dependence on the energy scale k is introduced by adding a cutoff term, bilinear in the dynamical fields 

( 2 . 2 ) 


with a cutoff kernel which depends only on the background held, and vanishes at fc = 0. Also, the sole 
assumption on the integration measure is that it depends exclusively on the total held. This assumption is 
in fact not of central importance and is irrelevant in certain regularization schemes, as we will comment on 


later. The cutoff and source terms break the single-held dependence of the exponent in (2.11, and therefore 
lead to an (off-shell) effective action which, in principle, depends on how the total held is split. The scale 
dependent effective action is dehned through the modihed Legendre transform 


rfc[<p,C] = Wk[(p,J] - J-C- Sk[(p,^], 


(2.3) 


where = (^®) is the expectation value of 

The quantum-background split, being a held redehnition, does not affect physical quantities, but will 
have nontrivial consequences for the off-shell ehective action. As emphasized in (2.3), the effective action 
is no longer a function of a single held but depends separately on both the background and huctuations. 
However, the fact that the bare action is a function of a single held must leave some trace on the form 
of the effective action. In terms of symmetries, the bare action is invariant under a set of simultaneous 
transformations of the background and the huctuation held that leaves the total held unaltered 


^ + C) f + <^C) — 0- (2.4) 


This symmetry will be inherited, possibly in a deformed way, by the effective action, which is manifested 
through the corresponding Ward identity, called the modihed splitting Ward identity (mspWI), which we 
now wish to prove. The presence of an infrared regulator provides a modihcation to the analogue splitting 
Ward identity in the absence of this term, and hence the name ‘modihed’. 


The derivation of the identity is rather straightforward. One varies eq.(2.1) with respect to tp''. In doing 
so, one also varies the dummy variable such that the total held is left unchanged. This results in the 
following equality 

= + (2.5) 


Sip \ Sip s^ 

We remind here the formulas for the functional derivatives of the connected and one-particle irreducible 


correlation function generators which follow easily from (2.1) and ( |2.3 

SWk[ip, J] 


SJi 


= r 


— 


^rfc[<A,C] _ 5W[ip,J] 


5^ 






Sip^ 


Sip'‘ 


( 2 . 6 ) 
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Using these identities, and shuffling terms a bit, eq.(2.5) is rewritten as 




5ip 


5^ 


5^ 


5^ 


Sip 


op 


Dropping the arbitrary variation 5p^, the last two terms on the right-hand side can be reorganized into 
an expression in terms of the connected two-point function, which is related to the one-particle irreducible 


two-point function using the first two equations in (2.6) 


Sp'^ 


5p^ 


1 / 5Rk{’^) _ 1 t ? 

2y 5p^ 2 ^' Spi 


= --Tr 
2 


S'^Wk[p,J] SRk{p) 


6JSJ 


Sp"^ 


= - Tr 
2 




( 2 . 8 ) 


The traces in the second line denote cyclic contraction of indices. Combining this result with eq.(2.7), we 
finally arrive at the mspWI 



-1 


+ Rk{p) 


5Rk{p) 

dp’- 


+C*M-<0)-(cft.M-0) = o 


(2.9) 

Considering ^^{p, (f>) as a function of the background and the total field, the functional derivative in 5^^/dp’ 
is understood to be taken while keeping the total field fixed. 

Let us consider at this point some special cases of this identity. In the absence of a regulator Rk{p) = 0, 
the mspWI simplifies to an identity, similar in structure to the familiar splitting Ward identity for exponential 
quantum-background split |18l|28[|^ 




dp’ 




K 

dp’ 


= 0 . 


( 2 . 10 ) 


If in addition, d^’ depends only on the background field or is at most linear in then we will have 
{d^’) = d{^’) and the above equation translates to the fact that the symmetry of the bare action is also a 
symmetry of the effective action. Here, in the general case where Rk{p) is nonvanishing and d^’ can have 
higher order terms in there will be modifications to this statement. 


Also, in the case of linear splitting (j)’ = p’ + we have d^’ = —dp’, so the last two terms in (2.91 cancel 
out and the mspWI reduces to the modified shift Ward identity 


dp’ df’ 2 




= 0 , 


( 2 . 11 ) 


to which 19 -23 provide some early references. The significance of using this identity along with the flow 


equation has been stressed more recently in 24,25 . 


2.2 Diagrams and shorthand notation 

So far, we have used the notation in its expanded form to make the steps of the derivation clear. Now that 
we have finished this task, we introduce some shorthand notation which facilitate handling the equations 
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significantly. From now on, for conciseness, we drop the index k on Rk and Tk, denote dt by an overdot 
when there is no ambiguity, and define for the functional 


. = 


( 2 . 12 ) 


In a more general sense, the notations and will also be used later to denote, respectively, partial 
derivatives with respect to the first and second arguments. Let us also denote the propagator and its inverse 
by and G^- respectively 

G,, = r„ + i?y, = S]. (2.13) 


Using these compact notations, the mspWI (2.9) is rewritten as 


M = r„ ) - I G'""(i?„„)„ +^Rmu{C,^ ) - iCRmnCn ) = 0 


(2.14) 


where the quantity A/), whose fc-dependence is implicit, defines the expression on the left-hand side of this 
equation and is introduced for later use. 

In order to gain more insight into the mspWI, one can write it in a more explicit way, by expanding the 
quantity in powers of the fluctuations, with background dependent coefficients 


S )' 




n—0 




(2.15) 


These coefficients are taken to be symmetric in their lower indices 11^2 •••*„, without loss of generality. The 
expression for (^-(i) as a function of is now seen more clearly in terms of diagrams. With the help of the 
Feynman rules defined in appendix [A} the second term on the left-hand side in eq.(2.14) is written in the 
following way 





(2.16) 


where the sum is over all possible diagrams of the given form, whose number is infinite, and include diagrams 
of all loop orders. The vertex with a black circle, whose index i is implicit, represents F^ Gj ■ The white 

circles are connected n-point functions of the fluctuation fields. In particular, the white circles connected by 


a single line are nothing but The last two terms in (2.14) are also written as 




n—l 

= ^ ^ arrow not on external lines (2-17) 



Here, the vertex with a black circle denotes —Rnn G? ■ , , and the line with an arrow is the free index 

p in the cutoff. Again, the sum is over all possible diagrams of the given form, keeping in mind that the 
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arrow is never on the external lines. The connected n-point functions are still to be written in terms of the 
one-particle irreducible n-point functions, as explained in appendix]^ so that the diagrams on the right in 


(2.161,(2.171 will provide a representation of the left-hand side in terms of the background and the classical 


fluctuating fields The final form of the mspWI in diagrammatic language is 



(2.18) 


2.3 Comments 


Let us pause at this point to make a few comments. In fact, eq.(2.14) can be rewritten in a different 


way, which also makes connection with some earlier works. This can be seen by applying eq.(B.5l to the 
expectation value of 

= (2.19) 


which, upon contraction with 

- GP^R^r.{Cn)-,p = ” C (^”i )) = -{^RmnCn ) + ^RmniCn ), 


leads exactly to the sum of the last two terms in (2.14). So the mspWl (2.14) can also be written as 


r„ ) - 5 G'""(i?„„)„ -G"Pi7p™(C.);n = 0 


( 2 . 20 ) 


( 2 . 21 ) 


In a gauge theory context, and within the geometric approach, a similar identity has been obtained in Tof^ 


We emphasize that eq.(2.14) or (2.21) is very general and does not rely on any assumption other than the 


dependence of the ultraviolet action (and the measure) on a single field. 


Before closing the discussion on the mspWI, let’s also make a comment on the choice of measure in (2.11. 


In the derivation of the mspWl, we chose the measure of integration to be a function of the total field. In 


the literature various choices are made for the measure, for all of which the splitting Ward identity (2.10) is 


claimed to be valid for the resulting effective action, see for example 18p8- 31 . In fact, as apparent from the 


steps of the derivation, any deviation from a single field measure in (2.1) will result in extra terms in (^2.9L 


which vanish only in certain regularization schemes. For instance, the covariant measure D^^ydet gij(ip), for 
some metric gij on field space, will lead to the mspWI 


Tn +T,ye^ ) - 5 G"^"iRnm),^ +rRmn{Cn ) ” {CRmuCn ) + <5(0)((V,C^);,) = 0, 


( 2 . 22 ) 


where Vi is the background covariant derivative, compatible with the metric gij{ip), and <5(0) is the Dirac 
delta function in position space, evaluated at zero. 


2.4 Consistency with the flow equation 


At any given energy scale k, the constraint equation (2.14), = 0, restricts the infinite dimensional theory 

space, i.e. the space of coefficients of all possible Lorentz (or diffeomorphism) invariant operators constructed 
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from (f’' and with possible internal symmetries, to a lower, but still infinite, dimensional subspace. In the 


ultraviolet scale the constraint identity (2.14) is automatically satisfied if the ultraviolet action S depends 


only on the total field, which is our primary assumption, while in the infrared the identity reduces to (2.10) 
and tells us that the effective action is a functional of a single field f) which satisfies ) = 0 

(see sectionj^for more details). Such an interpretation doesn’t seem to be possible at the intermediate scales. 
Roughly speaking, the dimension of these subspaces is the number of operators one can construct from a 
single field. 

For different values of k, the one-parameter set of subspaces, given by = 0, sweeps a surface in theory 
space, of one dimension higher, on which all the curves (2.3) lie. In fact, the curves (2.3) also sweep this 


surface for different ultraviolet actions that depend on a single field, while satisfying the exact flow (1.1). 


This shows the consistency of the mspWI with the renormalization group equation (1.1). 

Of course, any solution to the exact flow equation which intersects the above mentioned surface must 
lie entirely on this surface by the uniqueness theorem, and in particular it must coincide with one of the 


trajectories (2.3). In other words, starting with a solution to the mspWI at some scale, under the renormal¬ 
ization group flow it will remain inside the set of solutions to Afi^k = 0 at any other scale, and tends to some 
single-field dependent action in the ultraviolelj^ 

It would still be instructive to find explicitly the flow equation for the quantity Aft defined in (2.14). 
Some necessary relations we will be using in the following, but which in principle have a wider application, 
are collected in appendix [ b| By direct computation, the renormalization group flow of the first term in (2.14) 
is found as follows 


n-p _ \ _ l/^mp(/-i \ ^qn h 

— 2^ 2 ^ y^pq)')i^ ^nm 

_ \ _ 7 ? _ l^mp-p r^qn r) 

— 2 ^ 2^ \^pq)ii^ ^nm 2^ ^^pq-ti^ ^nm 

_ \ (f? \ p^mp-p 

— 2 ^ \-^nm) 2^ -^nm^ \-P^pq)n 2^ -^nm^ ^ ‘,pqTi 

= (2.23) 

In a similar way, the flow of the third term is found to be 

-^at[G™"(i?„„)„] = -iG™”(R„^)„+iG™P(Gp,)G«”(i?„™)„ 

— 2 ^ \-^ 7 im)')i “r 2^ ■^pq'^ \-^nm) n ' 2^ ^ \-^nm J li 

= -iGR„ +i(GRG)'""(i?„„)„ +i(Gi?„ (2.24) 


Summing the two terms leads to 

dt [r„ -iG™”(R„„)„ ] = -i iGRGyPT,p„, + i(Gi?„ G)'^Pt,pg = - i(GRG )«p (F,, ).^^ +I{GR,, G)«J’f 

(2.25) 


But from (B.3| the last term on the right-hand side is rewritten as 

i(Gi?„G)«Pr;p, = -i(GR„G)«P(GRG)’'« + 2G™"F.p,^r.,«„] 

= -l{GRGyP{GR,,GY^ [r.,pgrs+2G”^^r,prmr,gsn] = -i(Gi?G)«P [-iGi?„],pj:?.26) 


^up to terms proportional to (5(0) (see eq.(|6.9|l). 
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where in the second equation we have used the fact that the term inside the brackets is symmetric with 
respect to the interchange qp -O- rs, and therefore we have interchanged R and R,i, and in the final equation 


we have used an identity similar to (B.3) but with R replaced by R,i. So finally we find the equation 


dt = -liGRcyp 


pq 


(2.27) 


which relates the scale derivative of the sum of the first and third terms in (2.14) to the second ^-derivatives 


of the same quantity. Now let us consider the remaining terms in (2.14). For the second term we find a flow 
of the following form 


pq 


= -i(Gi?G)«P(r,);,, (e„) - ir, (Gi7G)«?’(^^-); 

= -i(Gi?G)«P(r.,(e,. ));p, + {GRGrT,,p (e,.);, 

= -i(Gi?G)«P(r,(e,.));p, + {GRGyPG,^ - {GRGrR,, (e,.);, 
= -^iGRGr{T,,{e„ ));p, + (Gi?)] {e„)-,q - {GRGR)] );, 


(2.28) 


while, using (B.8) we can write the t-derivative of the last two terms in (2.14) as 

dt{rRmn{en ) ” {r R^nCn )) = - UGROy^r Rmn{Cn) ^pq + ^RmniCn ) 

-l{GRGyP{- irRmnCn ));p, ” {rRmnCn ) 


= -^{GRGyPirRmniCn ))-,pq + {GRGyPRpniCn )-,q + rRmn{C» ) 

-^{GRGyPi- irRmnCn ));p, ” {^TR^uCn ) 


= -\[GRGyP{rR^n{C» ) - irRn^uCn ))-,pq + {GRGR)l{Cn )-q 


~S ^rnn \S n / \S ‘^mnS. n / • 


(2.29) 


Again, summing the two pieces gives 


) + rRmniCn ) ” ir RmnC^)] = - ^ (Gi?G)«P[r, (^n ) + ^ Rmu{Cn ) ” RmnCn )];pq 

+ (Gi?)« (e,i );, + rRmuiCn ) ” RmnCn) ■ (2-30) 


The second line vanishes by an identity similar to (2.20), which is found by applying (B.5) to O = and 
contracting with {GR)j. Thus a relation similar to that of the sum of the first and third terms in (2.14) holds 
also for the sum of the remaining terms. So we have shown that for the quantities Afu and defined by 


M = r„ -i G™”(i?„^)„ + ) + rRmniCn ) - {CRmuCn ) 


Afi. 


A/*2^ 


we have 


dtMu = (GRG)'^P(Aru);pq, 9*^2. = -i (GRG)'^P(^r2^);pq, 

and consequently the same identity is valid for their sum A/) 


(2.31) 


(2.32) 


dtM = -I (GRG)^P(M);: 


(2.33) 














This gives an explicit equation for the running of the quantity Mi with the energy scale, and fulfills our 


expectations elaborated on at the beginning of this section. The extra information (2.32) will be used 


in section to address background gauge invariance of the geometric effective action for gauge theories. 
Equation ( |2.33 ) is also similar to a flow equation, reported in 26 for gauge theories in the geometric 
approach. 


3 Background dependence 


3.1 General considerations 


At the beginning of section |2.4| we briefly pointed out that in the infrared limit A: = 0, as a result of the 
splitting Ward Identity ( |2.10| ), the effective action depends on a single field which is implicitly defined 
through ) = 111 This suggests re-expressing the effective action in terms of the background and 

the field by defining the quantity <&] at an arbitrary scale as 

Tfc [vj, C] = ffe d>], = 0, (3.1) 

where the field is considered as a function of and k. Let us now rewrite the mspWI in terms 

of f . The partial derivatives of the two effective actions are related in the following way 

dffc [(/?, $] 


S(p’’ 


(5$ 

dffc [(/?,$] 

■ 


(3.2) 

(3.3) 


(3.4) 


Using these relations, and the definition of <!>*, in (2.21) gives the background dependence of $] 

f„= iG™"(i?„™)„+G”Pi?p„(Cd;n- 

It is clear that in the infrared, k = 0, all the background dependence is gone, and the effective action is a 
function of the single field $*, as was expected by construction. 

If we further assume that the scale and background dependence of the cutoff kernel can be collected into 
a dependence on a single quantity k{k, ip) 24 , then this is even more simplified. In this case we define 

=0, Rk{ip)=Ri„ (3.5) 

where, here, the field is considered as a function of and k, and the partial derivatives in 

its defining equation above are defined accordingly. Notice also that with the assumption Rk{ip) = Rj. the 
quantity (^^,i) can be considered as a function of tp*, and k. Compared to the previous situation, the 
relation between partial derivatives of the effective actions is modified due to the field dependence of k 

(5rfe[(p,e] _ <5$ , Sk 

5k 


5ip'‘ 

55j- 




(5$ 


5k ’ 


(3.6) 




(3.7) 


^Here we are assuming that this differential equation is integrable, with a solution that is invertible as a function 

of The case of linear splitting, studied in the next subsection, provides the simplest but not the only such example. The 
following argument is therefore valid only if the this assumption is true. 
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In terms of the flow equation is also modified. Dropping the term dt/dt\^^^ {t — log A), in which and 
are held fixed, the modified flow equation will be 




di 


(5<i) 


^ ^ '"fc 

di ~ 2 di ' 


(3.8) 


Compared to (3.2), there are two extra terms in (3.6), which, using the above relation, cancel the first term 


on the right-hand side of (3.4). The mspWI then reduces to the simple identity 


f ■ = i? ) 

^11 n / \r< 


(3.9) 


One can also easily check that moving to dimensionless variables denoted by a hat, where D 


is the dimension of the field and defining r^[(/3, $] = <h], equations (3.8) and (3.9) are still valid 

with r replaced by T, and replaced by In general, the function k can be read off from the condition 


Rkif) = Rti if valid, and the redefinitions of the dynamical field and the action are found from (3.1) or (3.51. 


It is worth emphasizing that, as evident from (3.4) and (3.9), in the limit fc —>■ 0, background independence 


of r and f will be restored regardless of how the total field is split. 

3.2 A special case 

Given the general analysis above, it is now straightforward to reproduce some results in the literature. In 


the special case of linear splitting the right-hand side of (3.9) vanishes because ^^,i= —Sj and therefore 


(C”«);n = 0- So in such examples where Rki^fi) = Rf. and where the fields are split linearly, complete 
background independence of the effective action or Tj, is guaranteed by the identity (3.9). Also the 


required field redefinition follows trivially from the middle equation in (3.5), which reduces to = 0, 


and suggests = 0*. In this case, equations (3.8) and (3.9) reduce to 


diV = iGdiRf^, 


r,i = 0, 


while for D they simplify to the following equations 


diT-D<^^T., = \GdiRy 


r„; = 0. 


(3.10) 


(3.11) 


Examples in the literature where the assumption Rkif) = Rk is valid and where the linear splitting is 


performed are discussed in the context of scalar field theory for a special kind of cutoff 24 , and also 


conformally reduced gravity 25 , for which, in two spacetime dimensions and when there is no anomalous 


dimension for the field the assumption is valid for any cutoff just based on dimensional grounds. 


4 Modified master equation 

4.1 Motivation and derivation of the identity 


The mspWl (2.14),(2.21),(2.18) is supposed to put constraints on the form of the effective action, which 


would otherwise be a general functional of the background field and the fluctuations, compatible with other 
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possible imposed symmetries. In practice, there are, however, two obstacles before using the mspWI to 
constrain the effective action. 


First of all, equation (2.181 is actually divergent, because the loop diagrams in the third term, and the 
diagrams in the fourth term which have loops without an arrow, introduce infinities. It is therefore not 
possible to use this equation directly to put constraints on the renormalized effective action, which is what 
we finally insert into the exact flow equation. In order to remove the divergences we need to perform a loop 
expansion to the desired accuracy and introduce counter-terms order by order in perturbation theory. But 


in this case, there is no point in using the mspWI, because the renormalization group equation (1.1) itself 


already gives the flow of the effective action at any loop order 32 -34 , which can be solved iteratively to 
get the Hoop effective action, and the mspWI is automatically satisfied by these solutions at any order of 


perturbation (see subsection 4.2). On the other hand, if we are not interested in a loop expansion but instead 
willing to perform another kind of approximation, e.g. an expansion in the number of derivatives and the 


order of the fluctuating fields, then we will face, once again, the problem of divergences in (2.18). 

Second, in such a situation, where, instead of doing perturbation theory in the number of loops, we 
are interested, say, in a derivative expansion and an expansion in the number of fluctuations, then from 


(2.18) it is seen that at each level (order of fluctuations) we need to take into account an infinite number of 
diagrams, of the type of the third and fourth terms, which include diagrams of all possible loop numbers. 
This is, of course, practically impossible. Both of these problems could be overcome if we were able to write 


the constraint equation (2.14) entirely in terms of the effective action and its derivatives, with no manifest 
divergent loop terms. This is achieved by following the BRS idea. 

According to the BRS prescription, the action is modified by introducing a source term Ij for the variation 
of the quantum field, In order for this new action to be invariant under the transformations (2.4), the 

transformation parameter c* is taken to be a Grassmannian variable, and the source, which is consequently 
forced to be a Grassmannian field, must be itself invariant under the symmetry transformations. In sum, 
the infinitesimal symmetry transformation operator for a general function of these fields is 


S = C -r— + C —-, 


(4.1) 


where, in general, the partial derivatives are taken, with other fields, from the set c* and A, kept fixed. 

In particular, the fields themselves transform in the following way: 


= c\ , sc* = 0, sli = 0. 


(4.2) 


The generator of connected diagrams is now also a function of the source field A and the transformation 
variable c*. Explicitljj^ 

e^p{-Wk[p’,c,I,J]) = Jufj) exp (-E[(/?,^,c,/] - S'fc[:p,C] - , S[(p, c,/] = -b Asf. (4.3) 

The modified action E is invariant under the infinitesimal transformations (4.2). The corresponding symme¬ 


try constraint for the effective action r[(^, c, /] follows trivially along the lines of the proof of (2.21) and is 
very similar to this equation, except for the appearance of the Grassmannian transformation variable c* 


cX^-hGsR + r,(se) - G^PRpm{sr)-,n = 0 


(4.4) 


^The same symbols W and F , as their li = 0 counterparts are used in this section to avoid complicating the notation. 
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The Ward identity we have been looking for, now follows immediately by noticing that 


(sf) = 


5W _ 

5Ii Sli 


= T\ 


(4.5) 


Denoting, for conciseness, a partial derivative with respect to the sources li, with an upper index as above, 
the result will be 

^ - G”Pi?p™r™ = 0 (4.6) 


cT„ +r^r., - i G™" sRr, 


This is the desired Ward identity, or modified master equation. This gives an equation written entirely in 
terms of the effective action and its derivatives but with no manifest divergent loop terms. In other words, 
if the effective action were finite, there would be no divergent terms in this equation. There are actually two 


terms, the third and fourth ones in (4.6), with a manifest loop. These are, however, regulated with Rk, and 


therefore introduce no divergences, when computed with a finite effective action. 


4.2 Loop expansion 


It would be instructive to see explicitly how the modified master equation (4.6) is satisfied at tree level and 


especially at one-loop level. Notice that (4.6) reduces to (2.14) upon setting R = 0, and therefore provides a 


generalization to that. To begin with, let’s write the tree level master equation. The last two terms in (4.6) 
already have a loop. So the tree level part of this equation is 


= 0 . 


(4.7) 


Using (4.1), this can also equivalently be written as sE = 0, which is trivially satisfied by construction. The 


one-loop term is also easily found to be 


D^T^-^°°P-^GrsRnm 


— R v™ — n 


where we have defined the nilpotent differential operator 










(4.8) 


(4.9) 


and by G™" we mean the propagator, in which the tree level action E has been used instead of the effective 


action. After a bit of manipulation, (4.8) can be brought into the following form 


+ iTrlog(l - Goi?)] = 0. 


(4.10) 


This is nothing but the one-loop (unmodified) master equation. In fact the second term in the brackets 
is the difference between the one-loop effective action with a regulator and the one without a regulator, 
~ so that the quantity inside the brackets will be the one-loop effective action in the absence 


of a regulator. Consequently, in order to verify eq.(4.8) or (4.10), we need to check if the usual one-loop 
effective action in the absence of a regulator, 


iTrlogE(2), 


(4.11) 
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vanishes under the action of Dy.- Using the definition (4.9), and denoting the matrix of second ^-derivatives 
of E by E( 2 ), and its inverse by we get 


E(2)E(2) = 1. (4.12) 


Dy iTrlogE(2) = iTr E(2) c*E,f) +iTr E(2) E^-E^^U + ^Tr E(2) seT,f, 

In order to simplify this further, one can find a relation between derivatives of the tree level action by taking 


the second ^-derivative of the tree level equation (4.7) 


C “t” (5C'^);mnE.j -f 

Inserting this into ( 4.12[ ) leads to 

By iTrlogE(2) = -i - I = -^0) (sf);, 


(4.13) 


(4.14) 


This shows that (4.11) doesn’t generally vanish under the action of By- There is, in fact, a contribution 


to the one-loop effective action that we have been missing, which comes from the path integral measure. 


Indeed, the one-loop effective action is given by (4.11) only for the measure B^, so we need to take into 


account the extra terms in B(j)^[(j)\. The factor in front of Bcj), which is a function of the total field 
can be exponentiated and counts as one-loop as it has no factor of h. Clearly, this one-loop term vanishes 
under the action of By-, because it is a function of the total field , and does not depend on the source li- 
Still, changing variables from (j)'^ to introduces a Jacobian 




/ 

= B^ expl-logdet^ 


/ se 

= B^ exp(-Trlog^ 


(4.15) 


that contributes to the effective action at one-loop. Therefore, ignoring the term — log fi[(j)], we have 


ri-.oop = ivi„g«l 


iTrlogE(2). 


(4.16) 


Notice that the trace is taken with respect to the generalized indices including the spacetime points in 
and (jf, so the first term is actually proportional to J(0). Let’s now see what the action of By is on this new 
term 



= Tr 1 






6^1 

S 


S(j)^ 




‘pj 



0 

w 



= J(0) (se');,(4.17) 

To get the third equation, we have changed the order of and differentiations and contracted the k 


index. This cancels (4.14) exactly. 


4.3 Renormalization 

The master equation is normally used to prove renormalizability (if there) at least in its modern sense of 
providing an algorithm to remove ultraviolet divergences order by order in a loop expansion by an appropriate 
choice of parameters in the bare theory. This may require employing specific regularization schemes. We 


restrict to theories renormalizable in this sense. In particular we assume the stability of (4.7), i.e. that 
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counter-terms can be introduced in such a way that the structure of the tree level identity (4.7) is maintained 


for the renormalized action = S— counter-terms. The renormalization program can be carried out in the 
same way also in the presence of the infrared regulator. Since the difference — Tq is a finite quantity, the 
counter-terms required to render T^ finite are the same as those of Tg, and satisfy 


r 


Z—loop 
div 


= 0 , 


(4.18) 


at the Z-loop order, as can be seen from (4.6). The modified master equation therefore provides no further 


information in this respect. However, removing the divergences by adding counter-terms to the ultraviolet 
action, we end up with the modified master equation for the renormalized (/^-dependent) effective action T^ 


J-r . -1- r-J r _ 1 /^rnn p _ f^np p pm _ r, 
^ I -L 2 r;n — ^^5 


(4.19) 


where C?™" is the inverse of (Gr)mn = (rr);mri + Rmn- This equation is finite and thus can be used to put 
constraints on the form of the renormalized effective action, at arbitrary energy scales. There is however a 
price to pay, and that is that one needs to take into account the dependence on the extra source field R as 


well, when writing the most general ansatz. The field li can finally be set to zero in (4.19), in which case T^ 
will be the renormalized effective action. 

The problems pointed out at the beginning of this section are generically also encountered in the definition 
of the field 4)* in (3.1),(3.5). These can be similarly overcome by replacing {^{i) with T^.- in (3.1),(3.5), 


which gives the renormalized (^-^i) when evaluated at /j = 0. The resulting equations provide a definition for 


$j., which is then to be used along with (4.19), leading to similar results as (3.4),(3.9), with (^-(i) replaced 


by T^.j. Finally, let us note that the flows (2.32) are also valid for both (4.6) and (4.19). 


5 Covariant effective action 


Let us emphasize again that the results we have obtained so far are general in the sense that they do not 
depend on how the total field is split. However, for a general field splitting, the effective action defined 
using (2.1) and (2.3) is not in general covariant, that is, for a field transformation —>■ </)'* (and accordingly 
—)■ (/?'*, —)■ ^'*), starting with the transformed action S' which satisfies = S'[<(>], and the transformed 

measure /r —?> /i', in the path integral, will not necessarily lead to an effective action T' for which = 

In other words, the effective action is not a scalar under field redefinitions prior to quantization. 


As first demonstrated by Vilkovisky 15,16 and DeWitt 17 , in order to have a covariant effective 


action, the quantum fields must be defined such as to transform as vectors of the field space, and moreover, 
the measure must be reparametrization invariant, in the sense D(j)' fi'[(j)'] = D(j) or more generally 
D(j)' fi'[(j)'] exp(-5"[())']) = D(j) exp(-S'[())]). 


According to the methods developed in ■ 37 , a natural way to achieve a vector dynamical field is to 


use the exponential parametrization, where the total field is given by the action of the exponential map on 
the fluctuations at the base point of the background field, (j) = Exp^^. For this purpose the field space must 
be equipped with a connection F^^. One can use the connection to define a geodesic curve 7 *, in the affine 
parametrization, as the solution to 7 ^ + = 0 , with a dot on 7 ® indicating a derivative with respect to 

its argument. The exponential function Exp^ at the background point is then defined to map a vector 
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at yi® to a point 7 ®( 1 ) = given by the geodesic evaluated at unit value of its argument, where the geodesic 
passes through = 7®(0), tangent to = 7®(0), at zero value of its argument. Some explicit results on the 
exponential parametrization are collected in appendix [Cj 

It will be more economic to have a metric gij on field space. This can be used to dehne the connection 
and furthermore a covariant measure Dcj) ^det gij{(j)). The generator of connected diagrams is now given by 


exp(-Vbfc[(p, J]) = JDcj) Aet gij{(j)) exp(-S'[0] - - J-^). 


(5.1) 


This is also covariant in the sense J'] = J], where Ji transforms as a (lower index) covariant 

vector, and W is defined with the transformed metric g' in the measure, and the transformed action S' in 
the exponent. 

Using the covariant formulation, the mspWI is expected to take the same form in any coordinate system. 


This is, however, not manifest in (2.14) or (2.21), particularly because of the presence of ordinary background 


derivatives of the vector and the cutoff Rij in these equations. But a closer look reveals that the first term 
r,i is not covariant either. This is due to the fact that the ordinary background derivative is taken while 
keeping the vector fixed. This derivative, although legitimate, does not have a geometrical interpretation 
because the vector is defined at the base point of the background field tp®. One can therefore write the 
effective action in a more useful way by expressing it in terms of the background and the total held with a 
bar ^ = Exptp^, in which case we use a tilde on the effective action f((/j, ^)] = r[(^, ^(^j, f)]. Note that 
the total held ^ shouldn’t be confused with the expectation value ((/>) = (Exp^^). 

The background derivative of the effective action keeping the total held hxed r,i is now a covariant vector, 
and can be written as 

f„ = r„ +r, clz. (5.2) 


Using this to replace r,i in the mspWI, say (2.21), gives 


f,. +r,((en ) - ) - 5G"®’®(i?„^),i = 0. 


(5.3) 


The hrst term is now a covariant vector as already mentioned. In fact, the second term is also covariant. This 
can be made manifest by replacing the ordinary background derivatives by covariant background derivatives 


r;,((C^'z)-Cl^) = r,((v.e)-v.e^). 


(5.4) 


This works, of course, for any covariant derivative. The two extra terms proportional to the Christoffel 
symbols cancel out in this expression. A similar cancellation occurs when replacing the ordinary derivatives 
by covariant derivatives in the last two terms proportional to the cutoff 


If^irnnfr) >1 rf I cm \ _ R 

2 Lt \-^nm)’)i “r^ -^pm\s n /;n — 2^ ^i-^n 


+ G®®Pi?p„(V,r);n. 


The manifestly covariant mspWI then takes the following form 


M = r„ +r,((v,e) - v,e) - 7G"®" - G®®Pi?p„(v,r);n = 0 


(5.5) 


(5.6) 


In subsection 2.4 we found the how equation (2.33) for the quantity A/) above. We had further shown that 


the two pieces Afu and follow the same how equation, and this was derived without specifying the held 
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space parametrization. Consequently, one expects that the same flow equation (2.33) holds for the quantities 


Mu and A/ 2 i after making them covariant by replacing 9 —>■ V. This is indeed true as one can easily check. 
In fact the replacement 5 —?► V in Mu introduces some extra terms which (cancel those of and) satisfy 


the flow (2.33). In summary, the covariant versions of Mu and A^i, denoted by a bar, are defined as 


Mu = r„ -r, v,Rn 


M2^ = - G^PRp^{MD;n, 


and follow the usual equation 


dtMu = -5 {GRGyPiMu)-pg, dtM2^ = {GRGY^{M2i)-p 


(5.7) 


(5.8) 


As commented in the last paragraph of subsection 2.2 extra terms may arise in (5.6) when using measures 


other than the one with only total-field dependence. These terms are also expected to be covariant if the 


measure is so, as exemplified by the last term in (2.22). Clearly, such terms also satisfy the flow (2.33), by 


the general equation (B. 8 ). 


6 Gauge theories 

The formalism we have presented so far, applies to non-gauge theories and gauge theories before the gauge 
fixing procedure. Of course, after gauge fixing, we will end up with a non-gauge theory and expect our 
arguments to go through, but this is not a priori clear. In particular, as a necessary step in the process 
of gauge fixing, we need to show that the effective action is gauge invariant at all scales. We will adopt 
the covariant approach of the previous section which turns out to be a requirement for achieving a gauge 
invariant effective action. We review here briefly the geometric approach to gauge theories and refer the 


reader to the literature for more details 30 31 38 . 


6.1 Geometry 

Let us assign the same symbols used for non-gauge theories, to the coordinates of the gauge theory field 
space (jf, as well as their decomposition into background and dynamical fields Y ■ We also take the vector 
fields Ka as a basis for the generators of the gauge group, which form a closed algebra, and denote their 
components, at the point <(), by Kl\(j)\ = KaY- As is true for Yang-Mills theory and gravity, we assume the 
existence of a metric gij on the field space, which enables us to define the effective action in a covariant way. 
For this purpose, the dynamical fields Y are chosen to be vectors satisfying a geodesic equation, as detailed 
in the previous section. However, the connection used here to define the geodesic equations is not chosen 
to match exactly the one compatible with the field space metric, but rather it is defined by the condition 
= 0 , where gf-j = PYP^dmu is the metric projected onto the space orthogonal to the orbits, by the 
projection operator Pj = Sj — K^gy^j, where 7 “^ is the inverse of the metric 7^/3 = gijKl^Kp, defined 

on the orbits. This is known as the Vilkovisky connectiorj^ The condition = 0 does not fix the 

connection completely but only up to terms which are irrelevant for the construction of the effective action. 


^This definition of the Vilkovisky connection is due to S.Carlip (see e.g. footnotes of 30[[^ ). 
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The process of gauge fixing consists of choosing a surface in field space which intersects the gauge 
orbits once and only once. One can then choose a set of coordinates which is adapted to this choice. This 
consists of parametrizing the orbits with a set of fields, which take the same value on and assigning 
a set of coordinates to the surface . To avoid complicating the notation, the coordinates are chosen to 
be denoted by the same symbol used for a general coordinate system, but with the super index i running 
over small Greek indices for the orbit parameters, </)“, and taking capital Latin indices for the coordinates 
on which label different orbits. We will therefore explicitly specify in the following whether we are 

using adapted or general coordinates. The adapted coordinates are of course not uniquely defined. The 
field redefinitions —>■ and </>“ —>■ correspond to the same choice of gauge fixing condition, 

but provide a different parametrization for the adapted coordinate system, while the more general field 
redefinitions —>■ and 0“ —>■ lead to some adapted coordinates with a different choice 

of gauge. 

The definition of the Vilkovisky connection described above, is equivalent, in the adapted coordinates, 
to the following statement, in terms of the corresponding Christoffel symbols 


0^v)fj = + djhLi — OlHij), i^v)aj=^^ dahij = 0, ( 6 . 1 ) 


where hjj is the metric gjj induced on the gauge slice. An important consequence of this, which in fact 
motivates its definition, is that the component of the dynamical vector field along the orbit space, is 
independent of the orbit parameters and (()“, and one can therefore write its functional dependence as 
, 4>^)- This will be used repeatedly in the argument for gauge invariance. Let us also point out that in 
the adapted coordinates, = 0 by construction, and the matrix is assumed to be invertible. 

For completeness let us also sketch briefly how the divergence in the path integration over the redundant 
field space is removed, and refer the reader to 31 for further details. The natural volume element which 
leads to a covariant effective action is 

]^d0*-ydet5y (</>). (6.2) 

i 

Using the decomposition of the line element gij = g:^ d±<p^d±(pd +^apde°‘de^, where disj)^ = Pjdcp^ 

and de“ = K^gijdcj)^, the volume element is decomposed as 

n*"n d^4>" yj det_Lg,^ ((/>) det {(p), (6.3) 


where, by detj_ the determinant in the space orthogonal to the orbits is meant. Written in the adapted 
coordinates, this takes a more transparent form 


d(j)^ ^det sj 


(6.4) 


where, with abuse of notation, the same symbol 7^/3 used in a general coordinate system in (6.3) is used also 
here in the adapted coordinates. Apart from the leftmost factor, this expression depends only on the orbit 
space parameters . 

A gauge invariant integrand depends solely on p\ and consequently the divergent integral over Y\f^de°^ 
will drop out in expectation values of gauge invariant quantities. Therefore we are finally left with an integral 
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over the orbit space. Notice that no ghost fields appear in this approach as the path integral is taken only 
over the equivalence classes of fields, or orbit space fields and not the whole redundant field space. The 
connection with the standard Faddeev-Popov method is made by introducing in the path integral over the 
orbit space, the measure including a Dirac delta functional, whose integral equals unity, and 

changing variables back to the general coordinate system. This requires a Jacobian which gives rise to the 
Faddeev-Popov determinant. 


6.2 Gauge invariance 


After this brief description of the geometry of gauge theories, we will now move on to discuss gauge invariance 
of the effective action. Although the discussion can well be presented in a general coordinate system, the steps 
of the argument will be more clearly conveyed when presented in the adapted coordinates. The covariant 
approach we have taken guarantees that there will be no loss of generality in doing so. The results will 
be finally restated in a coordinate-independent manner. From now on, we therefore take, with abuse of 
notation, the symbols (/>% used for a general coordinate system, to coincide with the adapted coordinates. 

We will put a tilde on the effective action when expressed as a function of the background and the 
total field as in the previous section, and drop the bar on and from now on: r[(/3, ^)] = 

r[(^, ^((/?, (/))]. With this notation, for a general functional F, invariance under gauge transformations of the 
total(background) field is equivalent to independence of 


5F[ip,(i)\ ^ 5F[^p, (j)] 


(6.5) 


The effective action is given as in (2.3) except that the generator of connected diagrams is defined by 
taking the path integral measure to be the determinant of the field space metric, evaluated at (/)*, as dictated 
by the covariant formulation 


exp {-Wk[<p, J]) = exp , S[(j)\ip,^)] = (6.6) 

The gauge invariance of the ultraviolet action is emphasized by making the orbit index I explicit in its 
argument. The ultraviolet action, therefore has the following properties 


= 0 , 


= 0 , 


(6.7) 


where, as noted after eq.(2.12), here the and notations refer to derivatives with respect to the first 


and second arguments respectively. Since is only a function of (p^ and one can infer, from the right 


equation in (6.7), that the ultraviolet action is also independent of the components of the dynamical field 
along the gauge orbits, S-a = 0. In fact, given the (p°‘, ())“ independence of the conditions (6.7) are 
equivalent to their tilda-less versions 

= 0 , = 0 . ( 6 . 8 ) 

Now, let us consider the fc —>■ oo limit of the effective action defined in this way. This can be shown to be 


SIP^] + iTrlogi?,, - I log(27r) + iTrlogg,, + Trlog {SC/SP^) 


(6.9) 
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where d is the spacetime dimension. The last two terms vanish in a regularization scheme, such as dimensional 
regularization, where (5(0) = 0. So in such a regularization scheme it is clear that in the large k limit 


r,ct —^GR,a —>■ {S + |Tr log ^ R,a — S,a — 0 , 


( 6 . 10 ) 


r:« ^ = 0. 


( 6 . 11 ) 


In fact, the second term in (6.9) also vanishes with our choice of regularization, but it cancels anyway with 


the term ^GR,a in the expression (6.10). Then, from the left equation in (2.32) it follows that the identity 


(6.10) is valid at all scales. On the other hand, (6.11) together with (B.2), implies that T;^ = 0 at all scales. 
In summary, at all scales we have 


r„ - = 0 


= 0 . 


( 6 . 12 ) 


This implies that the effective action depends on ip^, pP" and also 5^, which is itself a function of 

This means that the effective action, being independent of (/)“, is invariant under gauge 
transformations of the total field. The extra (/?“ dependence goes away if there is no such dependence in the 
cutoff, R,a = 0, implying r,Q, = 0, T^q = 0, which is, as already mentioned, equivalent to r,o, = 0, r;Q, = 0. 
The effective action will therefore be invariant under gauge transformations of both the background and the 
total field. 

For a gauge invariant ultraviolet action, the a component of the mspWI is automatically satisfied, while 
the / component gives a nontrivial constraint. If we further assume that they are only the components of 
the dynamical field along the surface whose momentum modes are cut off, or in other words, if the 

only nonzero components of the cutoff kernel are Rjj, then the I component of the mspWI is cast to exactly 


the same form as the original identity (2.21), but on the surface =5^: 


r ,/ —^G^^^{Rnm),i ) — G^^ Rpm{^’''\i)-n = 0 . 


(6.13) 


In this case, also the inverse propagator has nonzero components only along the surface , G^i = 0. This 
equation depends on p°" unless the additional condition R,a = 0 is assumed. 


One may now ask how the conditions (6.12) will look like in a general coordinate system. Using the fact 


that in the adapted coordinates = 0 and that is invertible, the equation on the right-hand side in 


(6.12) can be written as 


KIXp\T,, = Q, (6.14) 

which is covariant and will take the same form in all coordinates. However, the equation on the left-hand 


side doesn’t seem to be covariant at first sight. Using (5.2) one can replace Tq, with 0^. This is because 


the term Ty- -l-Tj vanishes by the fact that T.^ = 0 and = 0- One can also replace the 

ordinary derivative of the cutoff with a covariant derivative V'^, computed with the Vilkovisky connection. 
The extra terms involving the Christoffel symbols can be shown to vanish by our regularization choice and 


the property {Tv)aj = 0 of the Vilkovisky connection (6.1). The condition can then be rewritten as 


KM(f,-iGV^i?) = 0. 


(6.15) 
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This is now written in a covariant way and will take the same form in any coordinate system. From this 
equation it is seen that = 0 implies background gauge invariance of the effective action, as 

expected also from the equivalent condition in the adapted coordinates. Also the covariant form of the 
condition R^i = 0 is Kl\ip\Rij = 0. It is worth mentioning that, given Kl\tf\Rij = 0, the condition 
for background gauge invariance K^\ip\V^Rij = 0 is equivalent to the vanishing of the cutoff under Lie 
derivatives with respect to the gauge group generators (evaluated at the background point) = 0. 


The quantity on the left-hand side of (6.15), although covariant, doesn’t seem to completely match the 


expression Nu defined at the end of the previous section, because it lacks the second term in Nu- But 
this term actually vanishes = 0 by gauge invariance and the properties of the Vilkovisky 


connection. As a result, this quantity follows the usual flow equation (2.33), as expected. 


In summary, in a general coordinate system, gauge invariance of the ultraviolet action implies that 
K’^Yp\T.^i = 0, or equivalently = 0, which is the covariant version of invariance under gauge trans¬ 

formations of the total field. This fact, together with the assumption Kl\ip\Rij = 0 implies that, in the 
adapted coordinates, the effective action satisfies the usual mspWI on the surface 5^. On the other hand, 
background gauge invariance = 0, or equivalently = 0, follows with the additional con¬ 

dition V^Rij = 0. Along with total-field gauge invariance, this tells us that the effective action is only a 
function of the coordinates on 5^, in which case (6.10) will also be covariant under (j)^ —>■ 

Changing the gauge fixing condition is equivalent to applying a field redefinition (in the adapted coordi¬ 
nates) of the form (j}°‘ —>■ This transformation of the fields does not affect the effective action, 

simply because it is, by construction, a scalar under general coordinate transformations on all the field space, 
and not only the surface and because in the adapted coordinates, the effective action is independent of 
the fields and (jR by gauge invariance. 

7 Conclusions 


In a quantum field theory with an infrared regulator and within the background-field framework, we have 
introduced the notion of splitting symmetry in its most general sense, and provided a simple and general 
path integral derivation of its Ward identity, which we have referred to as the mspWI. 

We have shown that the quantity A/) whose vanishing gives the Ward identity, can be divided, as in 


(2.31), into two pieces Nu, A^i, each of which follows a simple flow equation (2.32). This proves crucial in 


finding the condition for background gauge invariance, at an arbitrary energy scale, in a geometric approach 
to gauge theories. 

The mspWI for the effective action, encompasses the information from the single-field dependence of the 
ultraviolet action. In particular, in the infrared limit, this implies that the effective action is also a functional 


of a single field $, defined implicitly in (3.1). A redefinition ^ $ therefore absorbs the second term in 


(2.21) and makes the terms responsible for background dependence manifest. 


For the special case of exponential splitting, which results in a covariant effective action, we have shown 
that the mspWI is also covariant, i.e. that the structure of the mspWI does not change under field re¬ 


definitions. Furthermore, we have discussed the covariance of the flow equations (2.32). As the derivation 


suggests, these flow equations, although not manifestly covariant, are valid in any coordinate system. In fact 


20 









in the non-covariant quantity Mu, the extra terms arising as a result of a field redefinition satisfy a similar 
flow equation separately. This can be put in a different way: that the covariantized versions of Mu and A^i, 


while summing up to Mi, also satisfy the usual flow (2.32). 

The effective action can be computed perturbatively and is expected to satisfy the mspWI order by order 
in a loop expansion. This is explicitly verified to be the case at the one-loop level irrespective of the scheme 
of regularization. In performing this check, we have emphasized the unavoidable role of the path integral 


measure chosen in (2.1). 

It is argued that the mspWI is generically divergent. This prevents the use of this identity in practice, 
to constrain the effective action, except in special cases such as the linear split. To overcome this problem, 
one needs to deal with the renormalized mspWI. For this purpose, we have introduced the modified master 
equation for the splitting symmetry, and with its aid, discussed how for theories renormalizable in its modern 
sense, the mspWI can be renormalized in the presence of the regulator, and that the renormalized master 
equation has the same structure as its unrenormalized counterpart. 

The Vilkovisky-DeWitt construction for general gauge theories is presented in the renormalization group 
context of (^[5]. It is shown that the effective action is invariant under gauge transformations of the total 


field, and using (2.32), the condition for background gauge invariance is found. In particular, this provides 
as a special case a nonperturbative proof of gauge invariance of the infrared effective action. This is seen by 


simply setting k=0 in (6.15). In this particular argument, even if one is not interested in the scale dependence 
of the effective action but only its infrared limit, the regulator can be regarded merely as a tool, introduced 
at an intermediate step of the proof, to connect the ultraviolet action and the infrared effective action, and 


using the simple and exact flows (2.32), to transfer the information of gauge invariance from the ultraviolet 
to the infrared. Finally, provided that the cutoff does not have any components along the gauge orbits, the 


mspWI holds in its original form (2.21), also on the gauge fixing surface. 

The formalism presented in this work is expected to have important consequences for functional renormal¬ 
ization group applications to quantum field theories with background fields. In particular, in the renormal¬ 
ization group approach of [^[^, the covariant formulation reviewed in section]^ has been previously applied 


to nonlinear sigma models 39 - 46 and has more recently received attention in applications to gravity 47 - 55 


(see also 56 ). Just as in the case of linear split 24 25 , the mspWI for exponential splitting is an essential 
ingredient for finding consistent truncations in such studies. 
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A Feynman rules 


In this appendix we introduce some Feynman rules which are used in subsection |2.2| to write the mspWI in 
diagrammatic language. There are three types of vertices which appear in the mspWI. These are shown by 
the first three of the diagrams below 



n > 1, 


(A.l) 




n > 1, 



n > 3. 


(A.2) 


(A.3) 


(A.4) 


There is an i index implicit in the first two vertices (A.l) and (A.2) with a black circle. The arrow in 


(A.l) represents the free index on the cutoff and shouldn’t be confused with momentum flow. The vertices 


with a white circle (A.3) denote connected n-point functions, whose dependence on the background and 
fluctuation field is expressed in a more explicit way when written in terms of one-particle irreducible 
vertices (A.4) and the propagators (( |A.3 ) with n = 2). For instance, the connected three and four-point 
functions are expressed in terms of the one-particle irreducible vertices as 




(A.5) 
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\ 

+ two other permutations 

/ 


(A.6) 


The convention of putting a minus sign in (A.4) makes all the terms on the right-hand side of the above and 
higher order equations to appear with a plus sign. 


B Functional flows 


We provide here some important identities and flow equations used throughout the text. We start with the 


flow equation for the effective action (1.1) in the compact notation 


ar = 


(B.l) 


The flow of the one-particle irreducible one-point function follows trivially by differentiating this equation 
with respect to the classical fluctuating field 


n p _ _ 1/^mp-p /-iqnfy _ _1/^9^ R ^mpj^ _ _ 

\i — 2 ^ ^ ^ ^nm — 2 ^7im^ ^ — 2 ^ \i' 


ipq- 


(B.2) 


ah;,, = 


Taking the second derivative we arrive at 

S ptnrp 

= -\{GRGyP[T., 

It is easy to generalize this to one-particle irreducible n-point functions by successive differentiation with 
respect to y. Another useful ingredient is the flow of the expectation value of an arbitrary operator O. This 
can be computed as follows by simply referring to the definition of expectation values, based on the weight 


= -\{GRGyPT,,jj,q + [GRGyiG 


'mnp p 

i \ipm^ ',jqn 


;jrs^ X -ipq 

2G”‘”r 


tpm^ \jqn 


. (B.3) 


and integral measure, in (2.1) 

dt{0) = -\{yM O) + \{yR-£.){0) - j-((e O) - e(0)) -b (O) 

= -Uyky O) + \{yR-£.){0) + 5t/5y{{^ O) - m) + ai?-(e O) - yky (O) + (O) 

= -\{yky O) + \{{yk-£) - i-k-0 (O) + O) - C(0)) + yk-{^ o) - U-ky (o) + (d) 


= -\{yky O) + iG^^kj, (O) + 5t/5y{{i O) - i{0)) + yk-{^ O) - ll-k-l (o) + (d). 


(B.4) 


where in the second line we have used the middle equation in (2.6). The first and second ^derivatives of 
(O) are also easily computed 

(O);. = -{5Jjl5e) ieo) + {5J,/50 e (O) = G.,{(eO) - ^(O)) (B.5) 

(o);,, = r,,,y{eo) - e"(o)) - G,,(o)+ G,mG,n{{rco) - r(po) - p(ro)+ rcm. (b.6) 


Comparing (B.8) and (B.6) makes it tempting to compute the contraction 
- i(Gi?G)*^(0);,, = -i(Gl?G)*^r;,,fc((e'=0) (O)) + iG^^kj^O) 

-\k^n{{rsro) - rico) - ciro)+rcm 


= t,y{eO)- p(0)) + 2fi?-(CO) + yR-m), (B.7) 
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with the aid of which the desired flow equation follows 


dt{0) = (O) - \{GRGy^{0),,, 


(B.8) 


The second term on the right-hand side can therefore be interpreted as the commutator of t-differentiation 
and the averaging process, acting on O. 


C Explicit formulas for the exponential parametrization 

In section we emphasized the importance of the exponential parametrization. Once the way the total field 


is split is specified, one can find an explicit formula for 5^* or equivalently for in (2.151. For this purpose, 


we need to refer to the explicit expression for the total field in terms of the background and the dynamical 
field 


= V 




„>2, (C.i) 


n—2 


where the covariant derivative is defined with the connection F^^ itself, and is taken with respect to lower 
indices only. 

If we now make a variation Sip’' in the background field, the variation 5^® in the fluctuations must be 


made in such a way as to leave i/)® untouched. So taking the derivative of (C.I) with respect to 93 ®, keeping 
0 ® fixed, we find 


00 . 00 . 

0 = <5] + - E (V3) a,=...^ f® • • • f -. 


(C.2) 


n—2 


n—2 


This identity is valid in any coordinate system, in particular in normal coordinates the second term can be 
replaced with Vj^® and the third term vanishes, so it simplifies to 


»=«;+■-C", 


n=2 


where 




(C.3) 


(C.4) 


3 J 2 

and a star on the equation means that the identity is valid only in normal coordinates. Substituting these 


into (C.3) we get a tensor identity in normal coordinates, so it is valid in any coordinate system. We can 

(C.5) 


therefore write 


- rj. e + \r,u\ ei' + + ■ ■ 


From this expression one can identify the first few coefficients in (2.15): 

1 


ci = -si, ci^ = -Ti 


1 


^ ^ _ _\7 

^i,mn n) ’ ^i,mnk ^2 ^ fc)’ 


(C.6) 
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